Abstract. We discuss how approximate theories for Bose-Fermi mixtures recover in the molecular limit the expected expression for FermiFermi mixtures of molecules and unpaired fermions. In particular, we compare the energy of the system resulting from a T-matrix diagrammatic approach with that obtained with Variational and Fixed-Node Diffusion Quantum Monte Carlo methods.
Introduction
Bose-Fermi mixtures with a tunable boson-fermion attraction have been object of active theoretical and experimental investigation over the last few years (see [1, 2, 3, 4, 5, 6, 7, 8] and [9, 10, 11, 12, 13, 14] for recent theoretical and experimental works, respectively). Previous theoretical studies of these systems have shown that for a sufficiently strong attraction between fermions and bosons, the boson condensation is completely suppressed in mixtures where the boson density n B does not exceed the fermion density n F . This complete suppression of condensation occurs even at zero temperature, and is associated with pairing of bosons with fermions into composite fermions. This kind of evolution has been studied already by us with a T-matrix diagrammatic formalism [15, 3, 6, 8] and with the Fixed-Node Diffusion Monte Carlo method [5] .
In the strongly attractive regime, for n F > n B , the system can be represented as a mixture of two different species of fermions: molecules and unpaired fermions. In [8] we have shown how the molecular limit emerges from a T-matrix approach for Bose-Fermi mixtures. There, we focused on the momentum distribution function of the two species. Here, we present results for the energy and chemical potentials that were not reported before, and compare them with Variational (VMC) and Fixed-Node Diffusion (FN-DMC) Quantum Monte Carlo calculations, as well as with the beyondmean-field equation of state for a repulsive Fermi-Fermi mixture obtained recently in Ref. [16] within second-order perturbation theory.
Formalism
We consider a homogeneous mixture, composed by single-component fermions and bosons of equal masses m F = m B with densities n F and n B , respectively, at temperature T =0. The boson-fermion interaction is assumed to be tuned by a broad Fano-Feshbach resonance. Under this condition, the boson-fermion interaction can be adequately described by an attractive point-contact potential, with the interaction parametrized in terms of the boson-fermion scattering length a. The repulsion between bosons, which stabilizes the system in the resonance region, is not necessary in the strongly attractive (molecular) limit of interest to the present paper, and is not included in the T-matrix calculations. In the Quantum Monte Carlo (QMC) calculations, on the other hand, for consistency with Ref. [5] we set ζ ≡ k F a BB = 1, where a BB is the boson-boson (positive) scattering length and k F is the Fermi momentum associated to the fermionic density n F = k 3 F /(6π 2 ). We use the dimensionless coupling parameter g = (k F a) −1 to describe the strength of the interaction and consider the strongly attractive regime, where a is small and positive and g ≫ 1. In this limit the system can be described in terms of excess unpaired fermions and composite fermions, i.e. boson-fermion pairs with a binding energy ǫ 0 = 1/(2m r a 2 ), m r being the reduced mass m r = mBmF mB+mF where m B and m F are the boson and fermion masses, respectively (and we set =1 throughout).
T-matrix equations
In general the bosonic and fermionic chemical potentials µ B and µ F need to be determined by solving numerically the T-matrix equations (see [3] ) for given values of the densities and of the boson-fermion scattering length. Analytic expressions can be derived in the molecular limit by expanding the T-matrix equations in inverse powers of the bosonic chemical potential [8] . Actually, for g ≫ 1 and n B ≤ n F , µ B approaches minus the binding energy, that is the largest energy scale of the system in the molec-
is the Fermi energy associated to the fermionic density). The asymptotic equations for the chemical potentials are then given by:
Note that in the above equations the fermion-molecule repulsion (described by the last term of Eq. (2), and contained also in Eq. (1)) is treated only approximately, with a fermion-molecule scattering length
a, as it can be seen by introducing the reduced mass for a molecule and one fermion. This value corresponds to a kind of Born approximation to the exact values calculated in [17] , for m B = m F , and in [18] , in the general case.
The energy is calculated by performing an integration of the bosonic chemical potential over the bosonic density n B from 0 up to a chosen valuen B keeping constant the fermionic densityn F as it follows:
where V is the volume occupied by the system, E FG = 3 5 E F is the energy per particle of the non-interacting Fermi gas, N F is the number of fermions and the bosonic chemical potential µ B is determined by solving numerically the T-matrix equations [3] . In principle, the energy could be obtained also from the (bosonic or fermionic) singleparticle Green's function (cf., e.g. Eq. (7.27) of [19] ). The ensuing integrals over momentum and frequency are however slowly convergent and hard to be tackled numerically. For this reason, we preferred to calculate the energy through a numerical integration of the data for the bosonic chemical potential.
Quantum Monte Carlo
In the strongly attractive regime the trial wave function used to perform both Variational (VMC) and Fixed-Node Diffusion Quantum Monte Carlo (FN-DMC) is the product of a symmetric Jastrow function and a Slater determinant for the molecules and the unpaired fermions, which satisfies the fermionic antisymmetry condition. The details of the simulations are the same as in [5] . We observe that the trial wave function is not required to be symmetric under the exchange of bosons, when used just for the calculation of the energy. On the contrary, in [8] a suitable symmetrization of the molecular trial wave function has been introduced to calculate the momentum distributions.
Mean-Field and Second-Order Perturbation Theory
At the mean-field level the equation of state of the Fermi-Fermi mixture of repulsive fermions resulting in the molecular limit of a Bose-Fermi mixture is: The equation of state for mass-imbalanced repulsive fermionic mixtures expanded up to the second order in the interaction parameter g has been calculated in [16] , and is given by:
where I(x,M ) = 1.31396 for a Bose-Fermi mixture with m F = m B and x = 0.175.
Results
In Figure 1 we present a comparison between the chemical potentials obtained from the full numerical solution of the T-matrix equations (blue triangular points) and those obtained using the strong-coupling expressions of Eqs. as functions of the Bose-Fermi attraction g. We have considered a mass balanced BoseFermi mixture with a concentration x = n B /n F = 0.175. Increasing the interaction strength, both the bosonic and fermionic numerical chemical potentials approach the corresponding asymptotic expressions derived in the molecular limit for g ≫ 1.
The corresponding results for the energy are shown in Figure 2 . We observe a good agreement between the VMC and T-matrix results (TMA), both approaching the mean-field equation of state (4) with a fermion-molecule scattering length a FM = 8/3a. This shows that while the T-matrix approach and VMC with trial wave function given by Eq. (2) of Ref. [5] capture the internal structure of the molecule forming in the medium, they are less accurate in describing the interaction between the molecules and the unpaired fermions, both yielding the Born approximation value 8/3a for the fermion-molecule scattering length instead of the exact value 1.18a [17] . The FN-DMC method performs an imaginary-time evolution of the initial trial wave function (Eq. (2) of Ref. [5] ), thus projecting onto the ground-state with the same nodal surface (Fixed-Node approximation). This effectively optimizes the manybody correlations and improves on the VMC results. Actually the FN-DMC energy approaches the perturbative curves (mean-field and second order) with the exact fermion-molecule scattering length 1.18a in the strong-coupling limit. In particular, for large values of g the FN-DMC results seem to approach the equation of state obtained with second-order perturbation theory.
Concluding remarks
In summary we have shown how, within a T-matrix diagrammatic approach, a FermiFermi mixture emerges effectively from a Bose-Fermi mixture for sufficiently strong attraction. In this limit, we have derived simple expressions for the chemical potentials that compare well with the full T-matrix results. Furthermore, we have calculated the energy of such a mixture for m B = m F and shown that the T-matrix energy is in good agreement with the energy calculated within a VMC framework, both of them approaching the mean-field value of the energy of a repulsive Fermi-Fermi mixture with fermion-molecule scattering length a FM = 8/3a. The correct fermionmolecule scattering length a FM = 1.18a is instead recovered by FN-DMC. In this case, the inclusion of the second-order perturbative correction to the energy of a repulsive Fermi-Fermi mixture recently found in [16] seems to slightly improve the agreement with the asymptotic expression for large g. Our calculations focused on the case of equal masses to limit the computational effort of the QMC simulations. The main conclusions of the present work should however be more general. We believe in particular that, also for different masses, the VMC and T-matrix results should agree in the molecular limit and recover the Born approximation for the fermion-molecule scattering length, the correct result being obtained only by FN-DMC. Only future QMC simulations for different mass ratios will however be able to confirm or disprove our physical expectations in a definite way.
